We use the method of asymptotic expansions to study the OPE limit of a fourpoint function of protected operators in N = 4 SYM. We use a new method for evaluating the resulting propagator-type integrals and then extract the OPE coefficient with Konishi at the five loop order.
Introduction
Integrability of N = 4 SYM paves the way for finite coupling description of many of its observables. A paradigmatic example is the planar anomalous dimension of single-trace operators (see [1] for the most efficient approach to the spectrum). Over the last few years there have been finite coupling proposals for other observables, such as polygonal Wilson-loops [2] , three-point functions [3] and more recently n-point functions [4] .
It was crutial, for all these examples, to compare the results of the integrability proposals with more conventional perturbative computations. For example, the integrability proposal for the spectrum problem had to be corrected to account for the mismatch between integrability computation and the perturbative one [5] [6] [7] . More recently, the integrability proposal for three-point functions (from here on called hexagon approach) has been checked by several weak coupling perturbative computations [8] [9] [10] [11] [12] [13] . The four-loop check was especially important as it confirmed the resolution of the double pole singularity that showed up for the first time at the four loop level in the hexagon approach.
The goal of this paper is to extend the perturbative computation of the OPE coefficient of two 20' operators and the Konishi to five loops. From the integrability point of view, the motivation to go ahead with such computation is to check if the regularization of the double pole singularity continues to hold without any change at the five loop level [14] .
A five-loop computation using the more standard approach involving Feynman integrals seems to be a daunting task. The easiest way to extract the OPE coefficient is to consider a four-point function where all external operators are the chiral primaries in the 20'. As these are in the same multiplet of the stress-energy tensor, it is possible to obtain the correlator to very high loop order [15, 16] . In order to obtain the structure constant, it then suffices to consider the OPE decomposition in the coincidence limit. Since this four-point function is only known at the integrand level, one has to use the method of asymptotic expansions in order to take the OPE limit. At this point, the OPE coefficient is expressed in terms of many Feynman integrals with two external legs (also known as propagator integrals or p-integrals). By using integration by parts identities (IBPs), these integrals can be rewritten in terms of a small set of simpler integrals. However, at five loops this step turns out to be a bottleneck even using standard IBP codes such as LiteRed [17] and FIRE [18] . At last, one has to find the expansions of the master integrals, which are not known at five loops. We developed an efficient method of obtaining such expansions, whose detailed explanation we defer to a separate publication [19] .
Thus, the plan of the paper will be to introduce, in section two, the four-point function of 20' operators at five loop level and to explain how the method of asymptotic expansions works for this case. Then we will explain the details of using IBP relations to express every integral in terms of master integrals. After that, we will sketch the main idea of how the master integrals can be computed. This will be only a sketch since we will prepare a second paper just with the computation of these integrals since the master integrals are interesting for other computations in any perturbative QFT. Then we group the main ingredients and present the result for the OPE coefficient. There is one appendix with more details on the use IBPs since this turned out to be a non-trivial task at the five loop order as well as some comments on finding a basis of master integrals with uniform transcendentality at each order in .
2 Four-point function and OPE limit A direct computation of the OPE coefficient is extremely complicated. One would have to determine not only the three-point function
but also all two-point functions O i O i so that the operators in (2.1) are normalized. An alternative approach has been used in the past, and it takes advantage of the fact that the integrand of the four-point function of protected operators is known at very high loop order [15] . The contribution of each OPE channel in the correlator can be singled out by considering its OPE limit, which can be obtained by taking x 12 to 0.
The main object of our study is then the four-point function of O 20 operators. These operators transform in a symmetric traceless representation, so it is useful to introduce a null polarization vector y and denote the operators by O(x, y) = y I y J tr(φ I φ J ), where tracelessness is guaranteed by the condition y 2 = 0. Since they belong to the multiplet of the stress-energy tensor and Lagrangian density L, the loop corrections to the correlator can be shown to take a factorized form The tree-level contribution F (0) (x i , y i ) will not play any role in what follows, so we refer the reader to [20] for its definition. The functions F (n) (x i ) contain the loop corrections to the four-point function and are defined as
where P (n) (x i ) is a homogeneous polynomial in x 2 ij which is symmetric under S 4+n permutations and has uniform weight −(n−1) at each point. These properties of P (n) follow from the singularity structure of the four-point function and from the fact that the Lagrangian density sits on the same supermultiplet of the external operator O 20 . The planar part of these polynomials is given up to five loops by [15] By construction, the integrand of the four-point function has weight 4 in all integration variables, so each term in the polynomials (2.5) leads to a conformal integral. They are both UV and IR finite and due to their conformal nature they can only depend non-trivially on the two cross ratios
where we define the complex variables z andz for later use. One should note that permutations inside S 4 × S n have a simple action on the cross ratios, while the permutations in the quotient group S 4+n /(S 4 × S n ) can in principle produce inequivalent conformal integrals.
Asymptotic expansions
At the end of the day, the five-loop four-point function depends on 200 genuine five-loop conformal integrals. However, this number can be reduced to 141 independent integrals by using magic identities [21] . The idea is that any subintegral of a conformal integral is conformal itself, and the cross ratios defined by its external points are invariant under the permutations (12)(34), (13)(24) and (14)(23) of S 4 . By performing such permutations at the level of the subintegral, one can find equivalences between conformal integrals that a priori look distinct. For example, they can be used to identify 14 integrals to be given by the five-loop ladder integral, which is known exactly [22] 
We can use conformal symmetry to send x 4 to infinity, so that all conformal integrals appearing in the four-point function depend only on three external points. These integrals are not known, but all we need is their behaviour in the OPE limit x 12 x 13 , which can be obtained with the method of asymptotic expansions. In this way we can identify the leading order of the conformal integrals with combinations of simpler two-point integrals, i.e. p-integrals.
The main idea of the method is to consider regions where each integration variable is either of the order of x 2 or of the order of x 3 (we set x 1 to zero for simplicity). In practice, at five loops we have to consider 2 5 regions, where for each the integrand can be simplified in a different manner depending on the scale of each integration variable. For example, in the region where all integration variables obey x 2 i x 2 2 we have
Analogously, any propagator which includes two points of different scales will be decomposed in a similar manner, so that denominators depend solely on variables of a given region. In this way the two regions can only mix through numerators, where the variables of one appear as external vectors in the integrand of the other. As we perform tensor decomposition and write everything in terms of scalar integrals, the three-point integral is effectively decomposed into a sum of products of two-point integrals.
However this expansion has a finite radius of convergence which is set by the ball x 2 2 < x 2 i . By extending the integration regions to the whole space we make the integrals strictly divergent which we resolve by introducing dimensional regularization.
Let us note that the divergences cancel once we add all regions that contribute at a given order in the cross ratios. This has been verified both at three and four loops, at five loops we checked it for the ladder diagram and for conformal integrals whose asymptotic expansions lead only to lower loop p-integrals.
At this point the conformal integrals are expressed in terms of propagator-type integrals, which are given in their most generic form by 
Evaluating propagator-type integrals
In general one would use magic identities to reduce the number of integrals needed and also to choose the simplest possible form of the conformal integral. However, at five loops, it will be crucial to consider as many conformal integrals as possible, so we systematically used magic identities to create many equivalent integrals. After asymptotic expansions, those integrals are expressed in terms of 1721 five-loop p-integrals, and also some lowerloop ones. The integrals obtained are not all independent, as one can use Integration By Parts (IBP) identities to find relations between them and reduce to a small set of simpler master integrals. Such reductions can be performed with a combination of the public codes LiteRed [17] and FIRE [18] , but this can sometimes be a non-trivial task. For instance, some of the reductions took more than 256 GB of RAM and so we were forced to ignore conformal integrals in which those p-integrals appeared.
Master integrals
After the IBPs step all conformal integrals are expressed in terms of master p-integrals. The last step is to obtain the expansions for these integrals, which is a new complication compared to the lower-loop case, where all masters were known. The evaluation of master integrals is useful on its own since its applicability goes way outside the computation of OPE coefficients in N = 4 SYM. We will just sketch here the main ideas that we have used, deferring to a second publication a complete analysis of all master integrals at five loop level that were involved here [19] .
In order to obtain expansions for the master integrals, it is important to stress the differences between the original conformal integrals and the p-integrals obtained after asymptotic expansions. While the conformal integrals are UV and IR finite, and can only depend on the cross ratios u and v, the propagator-type integrals are divergent and depend on the spurious scale x 13 . The fact that both the divergence and the spurious scale cancel out upon summation of all regions in the asymptotic expansion introduces very strong constraints on the expansions of the master integrals. In order to make this clearer, let us give a simple five-loop example. One of the conformal integrals obtained from the polynomial in (2.5) is given by 
In this way, the expansion of the conformal integral is given by a single five-loop p-integral, whose expansion is not known. At this point one would reduce it to master integrals, but that is not necessary for this particular example. The propagator-type integral diverges at most as −5 , so its expansion is in general given as
If we use this to expand (3.2), we obtain an expression with poles in and powers of log(x 2 13 ). For the OPE limit of the conformal integral (3.1) to be finite, the coefficients in the expansion of the propagator-type integral must obey
At this point the coincidence limit of the conformal integral depends only on the finite part of P (5) , which can be fixed by using the so called magic identities [21] . The three-loop sub-integral of (3.1) formed by the integration points x 7 , x 8 and x 9 is itself a four-point conformal integral In this way we find a different conformal integral which is equivalent to (3.1) Once again, there is only one region of the asymptotic expansions that contributes in the OPE limit x 12 → 0, but in this case it turns out to be a product of lower-loop two-point integrals
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Since the expansion of these integrals is known, we are able to confirm that the spurious scale and divergence cancel out, but also obtain the conformal integral in the OPE limit
At the same time this fixes the finite term of the five-loop p-integral to be
While in this simple example it was not necessary to evaluate the integral C 1 , in most conformal integrals there is no magic identity which leads to an expression without fiveloop p-integrals. In those cases, it is actually important to perform the reduction to master integrals, so that the constraints obtained from convergence, conformal symmetry and magic identites depend on the smallest possible set of variables. This type of identities can be easily automatized providing a very large amount of constraints on the five-loop master p-integrals. As an example of the power of this method, we checked that the data obtained was sufficient to match the expansions of p-integrals obtained using integrability methods in [23] . Unfortunately, the constraints from conformal symmetry presented above could not determine all master integrals that contribute to the OPE coefficient of the Konishi operator. They have nonetheless enabled a huge simplification of the problem, as one is left with the evaluation of only 8 single orders of 7 master integrals out of the original 169 masters.
The evaluation of the undetermined master integrals can be done using the code HyperInt [24] . This package automatizes the computation of integrals that are linearly reducible. The main idea is to write the Feynman parametrization of an integral and then find an order of integration of the Feynman parameters such that at each integration step k
the function f k can be written as an hyperlogarithm in the next integration variable α k+1
1 .
An integral is linearly reducible is such an order exists, and luckily all master integrals left had such property, so the method was applicable to them. The code works much more efficiently for convergent integrals, but some of the masters needed were divergent. A simple strategy to circumvent this problem is to find and evaluate convergent integrals in d = 4 that include the required masters in their IBP reductions.
From integrals to conformal data
The Konishi operator is the lowest dimension non-protected operator that appears in the OPE expansion of two 20 operators
where γ K and c 20 20 K are the anomalous dimension and OPE coefficient of the Konishi operator respectively. We are interested in the 20 representation of the R-charge group SU (4) of the Konishi operator. This can be obtained by an appropriate choice of the polarization vectors y i of the external operators
The left-hand side of the equation can be computed in the OPE limit using the methods explained above. In particular, we obtain
− 16 log(u) (2971 + 468ζ 3 + 27ζ
while the lower loop F (n) were computed in [8, 11, 12] . The appearance of log terms in F (5) can be easily understood from the right-hand side of (4.2) as coming from the anomalous dimension of the exchanged operator. Thus, this procedure not only gives the OPE coefficient but also the anomalous dimension. Since the latter has been known for a long time we were able to use it as a check of the correctness of our result. All the lower loop conformal data can be obtained from the lower loop four-point function so we are able to extract the OPE coefficient of the Konishi operator at five loops (c It is interesting to note that all terms with π cancel out from the final result, which depends only on odd ζ values, just like at lower loops. It is also curious to observe that multiple zeta values are absent from the final result, even though they could have appeared starting at transcendentality 8.
Conclusions
The description of three-point functions in N = 4 SYM using integrability is still very recent. The proposal has passed several checks and this work will provide another crucial test. Performing this five-loop computation within the Hexagon framework would be very important as it would show if the procedure for the resolution of the singularity that first appears at the four loop level continues to hold at higher loops.
There are a couple of extensions to this paper that would be interesting to pursue. One of them would be to obtain all four-point functions of half-BPS operators in planar N = 4 SYM. One possible approach to this problem is to combine both the integrability methods and the Lagrangian insertion procedure [25] . Notice that in this setup the four-loop result is still unknown, so it would be important to start with that.
Another possible direction is to obtain three-point functions for operators with higher spin. It is trivial to apply the method of asymptotic expansions to expand the integrals further in the cross ratios. The only hurdle is to perform the IBP reductions to express the result in terms of master integrals, but this may still be feasible for the first higher spin operators.
Finally, let us note that it is in principle possible to extend this result to higher loops. The master integrals will not be known, but just like at five loops it might be possible to bootstrap them from convergence and symmetry considerations. The main obstacle with pursuing such a computation will rely on the ability to efficiently perform IBP reductions at such high loop order.
Our five-loop example effectively becomes a two-loop integral The two-loop integral with non-integer powers in the denominator has been studied in the literature [26] and it turns out to have homogeneous transcendentality at each order in after dividing by (1 − 2 ) The same strategy can be applied for all other masters in the reduction of I which have easy integrations. For the more complicated cases where there are no easy integrations, one can try to find a prefactor directly for the master integral. We have started with the ansatz polynomial in (1 − 2 ) 4 (A.9) and were able to find a numerator for all required integrals. In order to check the validity of the result, we found other integrals of homogeneous transcendentality and observed that the results were independent of the basis chosen. Another nontrivial check we performed was that the divergent part of I matched the expansion obtained from conformal symmetry with the methods of Section 3.1.
